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Abstract. We prove a Gauss-Bonnet formula for the extrinsic curvature of 
complete surfaces in hyperbolic space under some assumptions on the asymp- 
totic behaviour. 



1. Introduction and main results 

In this paper we prove a Gauss-Bonnet formula for the total extrinsic curvature 
of complete surfaces in hyperbolic space. Our result is analogous to those obtained 
by Dillen and Kiihnel in |DK] for submanifolds of euclidean space, where the total 
curvature of a submanifold S is given in terms of the Euler characteristic x(S)> 
and the geometry of S at infinity (cf. also [Put] ). 

Our starting point is the following well-know equality for S C H 3 , a compact 
surface with boundary in hyperbolic 3-space 

(1) f KdS = 2tt X (S) + F(S) - [ k g ds 

JS JdS 

being K the extrinsic curvature of S, F(S) the area, and k g the geodesic curvature 
of dS in S. We plan to make S expand over a complete non-compact surface, but 
the last two terms in (pQ) are likely to become infinite. To avoid an indeterminate 
form, we add and subtract the area enclosed by the curve dS. Such a notion was 
defined by Banchoff and Pohl (cf. [BPJ and also [TcuJ) for any closed space curve 
C as 
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A(C) := - / \\l,C)di 



A 2/ 

c 



where C is (in our case) the space of geodesies in H 3 , dl is the invariant measure 
on £ (unique up to normalization), and X(£, dS) is the linking number of dS with 
£ G C. This definition was motivated by the Crofton formula which states 

(2) F(S) = - [ #(ins)di, 
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where # stands for the cardinal. Hence, we can rewrite (CQ) as follows 

/ KdS = 2n X (S) + - f (#(£ OS)- X 2 (£, dS))d£ - A(dS) + [ k g ds 

JS 71 JC JdS 

Our main result is a similar formula for complete surfaces in H 3 defining a smooth 
curve C at infinity. In that case, the last two terms of the previous equation are 
replaced by a conformal invariant of the geometry of C in the ideal boundary of 
H 3 . To be precise, our result applies to surfaces with cone-like ends in the sense 
defined next. A similar notion of cone-like ends for submanifolds in euclidean 
space appears in |DKj . 

Definition 1.1. Let /: S S-> H 3 be an immersion of a C 2 -differentiable surface S 
in hyperbolic space. We say S has cone-like ends if 

i) S is the interior of a compact surface with boundary S, and taking the 
Poincare half-space model of hyperbolic space, / extends to an immersion 

ii) C = f(dS) is a collection of disjoint simple closed curves contained in 
dooM 3 , the boundary of the model, and 

iii) f(S) is orthogonal to dooM 3 along C. 

In particular, such a surface is complete with the induced metric. We will 
see that surfaces with cone-like ends have finite total extrinsic curvature. There 
are also examples of complete non-compact surfaces with finite total extrinsic 
curvature which do not fulfill i) or ii) in the previous definition. Condition iii) 
however is necessary for the total curvature to be finite: the limit of the extrinsic 
curvature of S at an ideal point x G C is cos 2 (/3) where (3 is the angle between S 
and dooM 3 at x. 

In the Klein (or projective) model, the definition reads the same, but replacing 
the word 'orthogonal' by 'transverse'. We will mainly work with the Poincare 
half-space model. Unless otherwise stated all the metric notions (such as length, 
area or curvature) will refer to the hyperbolic metric. We shall use the words 
'smooth' or 'differentiable' as synonymous of C 1 -differentiable. For simplicity, we 
will abuse the notation by identifying immersed surfaces and their image. 

Given an oriented curve C C d^M 3 = M 2 , and a pair of distinct points x,y G C, 
let us consider the oriented angle at x from C to the oriented circle through x that is 
positively tangent to C at y. This angle admits a unique continuous determination 
9 : C x C —>■ R that vanishes on the diagonal. Note that 9(y, x) = 9(x, y) and 9 is 
independent of the orientation of C. 

We will prove the following result. 

Theorem 1. Let S C H 3 be a simply connected surface of class C 2 , embedded in 
the Poincare half-space model of hyperbolic space, and with a (connected) cone-like 
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end C C <9ooIHI 3 . Then, the integral over S of the extrinsic curvature K is 

(3) f KdS = - f (#(£ f\S)- X 2 (£, C))d£ - - [ 6 sin fl „ dxdy 
Js * Jc TT J CxC \\y-x\\ 2 

where 

• di is an invariant measure on the space of geodesies C, 

• X 2 (£,C) is 1 if the ideal endpoints of £ are on different components of 
dooM 3 \ C and otherwise, and 

• dx, dy denote length elements on C with respect to an euclidean metric || • || 
on dooH 3 = R 2 . 

The integrals in are absolutely convergent. 

The idea of the proof is roughly the following. We pull-back d£ to the space 
of chords of S. Integration gives the first term on the right hand side of ([3]). 
Applying Stokes theorem yields then the result. This procedure was already used 
in |Poj . but here we use a different form having d£ as exterior derivative. This 
leads to a somehow dual construction, where the total curvature instead of the 
area appears. This dual viewpoint could not be taken in euclidean space. 

Remark 1. The form dxdy/\\y— x\\ 2 , as well as 9(x, y), are invariant under Mobius 
transformations. Hence, the last term in ([3]) is invariant under the action of the 
Mobius group on dooM 3 . We call this term the ideal defect of S. Similar expressions 
for space curves appear often in the study of conformally invariant knot energies 
(cf.[LU]). 

From the previous theorem one gets easily a formula for a general surface with 
cone-like ends. 

Corollary 2. Let S S-> M 3 be a C 2 -immersed complete surface with cone-like ends 
C*i, . . . , C n , the curves Ci being disjoint and connected. Then 

[ KdS = 2irMS) -n) + - [ (#(£ n S) - V \ 2 (£, C t ))d£ 

Js *Jc ti 



1 n 

TT 5^ 



a ■ q dxd V 
d sin t>- — 



and the previous integrals are absolutely convergent. 

Proof. Take a compact set K C H 3 with smooth boundary OK transverse to S, 
and such that S \ K — S\ U . . . U S n , where each Si is an embedded topological 
cylinder over Cj. Applying ([T]) and ([2]) to R — S D K yields 

(4) / KdR = 2ttx{R) ~ [ k g (s)ds + - [ #(£nR)d£ 

Jr JdR 71 Jc 

where k„ is the geodesic curvature in R. 
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Let Ri be a compact surface with boundary such that T{ = Ri U S{ is a complete 
embedded simply connected surface. Combining again <^ and ([2]), 

(5) f KdRi = 2n- [ k g (s)ds + - [ #{£nRi)d£. 

Applying Theorem [1] to each Tj, and comparing with yields 



(6) / KdSi = -2tt + - / (#(£ n Si) - \ 2 (£, d))dt 

J Si 71 Jc 

n JCiXCi \\y ~ x ll JdRi 

Addition of (jl]) and ([6]) finishes the proof. □ 

1.1. The ideal defect. The last term in ([3]), which we call the ideal defect, can 
be described in the following way. 

Proposition 3. Let C C <9ooH 3 be a closed simple (connected) curve of class C 2 . 
Let Q C c^ooH 3 be one of the domains bounded by C. Then 

[ flsinfl,, dxdy u =A [ „ dzdW nd 
Jcxc \\V-x\r Jnt{Q) \\z-w\\ 

where NT(Q) C QxQ is the set of point pairs (z, w) such that any circle £ C d^M 3 
containing z and w intersects d^M 3 \ Q (i.e. z, w G £ =r- £ </i Q.) 

Proof. Let Q C H 3 be the convex hull of Q c = d^M 3 \ Q; i.e. Q is the minimal 
convex set containing Q c . Using the Klein model, Q can be seen as the euclidean 
convex hull of Q c . Let us consider the boundary S = dQ C H 3 , which is a surface 
of class C l . Next we construct a sequence of convex sets Q n C H 3 such that: 
Qn 3 Qn+i, Q = ^=iQn, and S n = dQ n is a C 2 surface with cone-like end C . 
First, let X G £(IR 3 ) be a vector field in the Klein model such that X vanishes 
only at C, and X\q points to the interior of the model. Then, for small t > 0, 
the flow (ft brings Q to a surface ft{^) with a cone-like end on C, and bounding 
a convex domain D. On the other hand, let Q be approximated by a decreasing 
sequence Q' n C M 3 of euclidean convex sets with smooth boundary (cf. [Schj ). 
Then, smoothening the corners of D fl Q' n yields the desired sequence. 
By Theorem [T] 

/ K(x)dx=- f(#(£nS n )-\ 2 (£,C))d£- [ 6 sin6 dxdy 
Js n n Jc Jcxc \\y ~ x \\ 



Using, for instance, the arguments in [LSJ, one can show 

lim / K(x)dx = 0. 

n J Sn 
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On the other hand, by monotone convergence, 

lim I (#(£ n S n ) - \ 2 (£, C))d£ = [ (#(£ n S) - \ 2 (£, C))dl 



Hence, 



dxdy 1 



9 sin 9- y — = - I (#(£ f\S)- X 2 (£, C))d£. 

cxc \\y — x \\ n 



The right hand side above is the measure of geodesies intersecting Q but not Q. 
We determine each geodesic £ G £ by its ideal endpoints. From equation (TI2"]) 
below, one easily computes 

(7) d£ = 4 dzdw 

Finally, we just need to note that a geodesic £ intersects the convex hull Q if and 
only if every geodesic 2-plane containing i intersects Q. □ 

1.2. Integral of the inverse of the chord. Next we find an alternative de- 
scription of the ideal defect. Let C C <9ooHI 3 be a connected smooth simple closed 
curve, and consider S — C X (0, oo) C H 3 . We may think of S as a surface with 
one end by closing the top end at infinity with an infinitesimally small surface. 
Then, the total curvature of S equals 2tt, and Theorem CD applied to S yields 

1 f n ■ n dxdy 2 f o dzdw 

27T + -/ 9sm9- ?— = - (#(zfflC) - \ 2 (z,w;C))- 



n Jcxc " \\y-x\\ 2 7rJ M 2 xM 2 ' ' ' 

( g ) = ~ / E -IT l^ dL 



where zw denotes the line segment joining z,w G M 2 , and dL is the invariant 
measure on the space A(2, 1) of (unoriented) lines of M 2 , normalized as in [Salj . 
The first equality uses ([7]). The second equality follows from dzdw = \\t— s\\dsdtdL 
where s,t are arc-length parameters of z, w along L (cf. |Salj . equation (4.2)). 

As a consequence, the integral in is invariant under Mobius transformations, 
which was a priori not obvious. In fact, if C bounds a convex domain Q, this 
integral is 



(9) - / -77 — 7^ dL 

where a[L D fi) is the chord length. The previous functional (Q is one of the 
so-called Franklin invariants of convex sets, defined by Santalo in [Sa2] as a gener- 
alization of a functional introduced by Franklin with motivations from stereology 
(cf. [Ff]). These functionals had the nice property of being invariant by dilatations. 
For instance, functional ([9]) could be used to estimate, by means of line sections, 
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the number of particles in a plane region, if these particles have the same shape 
but possibly different size. 

An immediate consequence of our results is that (Q is in fact invariant under the 
Mobius group. An interesting question is to determine which of the Franklin func- 
tional enjoy this bigger invariance. Besides, it was conjectured that the Franklin 
invariants are minimal for balls (cf.[Ff] and pa2j). This was shown by Franklin 
among ellipsoids while Santalo obtained some general non-sharp inequalities. As 
a consequence of our results, we can prove this conjecture in the plane case. 

Corollary 4. For a convex set Q C M 2 we have 

f 1 7T 2 

(10) / ———dL > — 



JA(2,i) &(L n Q) 

where a is the length of the chord, and A(2, 1) is the space of lines. Equality holds 
in fflOl if and only if Q is a round disk. Moreover, the left hand side of (11 01) is 
invariant by Mobius transformations (keeping Q convex). 

Proof. By (JSJ) we have 

4/" 1 , T 1 f „ . „ dxdy 

1 -dL = 27r + - 9 sinO- > 2vr, 



n Ja{2,\) o{l n n) it J CxC " \\y-x\\ 2 

and the equality occurs if and only if 9 = 0. Indeed, since C is convex it is easy 
to see that — n < 9 < n. □ 

The author wishes to thank W.Kiihnel, R.Langevin, J.O'Hara and E.Teufel for 
valuable discussions during the preparation of this work. 

2. Preliminaries 

2.1. The space of geodesies. Let T = {(x; g%, g2, gz)} be the bundle of positive 
orthonormal frames of H 3 ; i.e., each ((74)4=1,2,3 is a positive orthonormal basis of 
T X M. 3 . We consider on T the dual and the connection forms 

u>i = (dx,gi), ujij = (Vg i} gj), 

where (, ) denotes the (hyperbolic) metric in H 3 , and V is the corresponding 
riemanninan connection. The structure equations read 

(11) dui = LOj A ojji, duJij = Ui A ujj + uj^ A uJkj- 

Let C + be the space of oriented geodesies of H 3 . Consider 7i"i : T — >• C + given by 
7Ti(x; gi, g2, ^3) = i with x e £, and g\ e T x l pointing in the positive direction. The 
space C + can be endowed with a different iable structure such that 7i"i is a smooth 
submersion. Moreover, C + admits a volume form dt invariant under isometries of 
H 3 , which is unique up to normalization, and characterized by (cf. [Sal] ) 

(12) ix\{d£) = lu 2 A u 3 A u X2 A lu 13 . 
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Similarly, one can consider C 2 , the space of (unoriented) totally geodesic surfaces 
(geodesic planes) of H 3 . We will use the flag space £ 1)2 = {(£, p) G C + x C 2 \£ C jp}, 
and the canonical projection 7r: £ 12 — > £ + which makes £i j2 a principal S 1 - 
bundle over C + . Let us project 7r 12 : JF — > £ 12 so that vr 12 (x; ((&)) = (£, p) with 
jp D £ = 7Ti(x; (^j)) and ^XT^p. Then c<j 2 3 = tt^ 2 <P for a certain form ip G f2 1 (£i j2 ), 
which is an invariant global angular form (or connection) of the bundle ir. Next 
we show some useful properties of the corresponding curvature form. 

Proposition 5. There exists a unique 2-form a G Q 2 (C + ) such that 

7r*( a ) = dip G fi 2 (£i, 2 ). 

Moreover a A a = —2d£, so that d(7r*a A <p) = —2i[*dl, where ip is the global 
angular form of n . 

Proof. Assuming a exists, structure equations (llljl give 
(13) n*a = du 2 3 = cj 2 A cj 3 — ui 2 A cu ri , 

whence 

7i* (a A a) = -2u 2 A u 3 A c^i 2 A cj 13 = -2ir*d£. 

Therefore a A a = —2d£ (as is exhaustive). 

Let X G 3£(£i )2 ) be the tangent vector field along the fibers of n such that 
V?(X) = 1. By (USD, for any X G X(J r ) such that rfvr li2 X = X, 

7x* 12 (i x d(p) = ixdu 23 = 0, 

whence ixd<p = 0. Then Lxp> = 0, and 

Lxdip = dLx<p = 0. 

Hence, d(p is constant along the fibers of tt, and null on their tangent vectors, 
which shows the existence of a. The uniqueness follows from the injectivity of 

TV*. □ 

The forms ip, a are in a sense dual to the forms u>i, dl used in [PoJ. In fact, many 
of the subsequent constructions are parallel to those of [Poj . However, choosing a 
leads us to the total curvature, while dl made the area appear. This choice could 
not be done in an euclidean ambient since there a A a = 0. 

The following notation will be used throughout the paper: 
AkB := {(x,y) G Ax B \x^y}. 

Remark 2. The following complex valued 2-form on CP 1 xCP 1 , invariant under 
the diagonal action of S7(2,C), was called the infinitesimal cross-ratio in [LOj 

dwdz 

[W — Z) z 
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By considering the ideal endpoints of each geodesic, C + is identified with CP 1 txCP 1 . 
Then, it is not difficult to see that a/8 = Jm(w cr ), the imaginary part of the 
infinitesimal cross-ratio. 

Remark 3. i) Consider H 3 ixEI 3 — ► C + such that \l/(x, y) goes first through 
x and then through y. Given unit vectors u G T X M 3 , v G T y M. 3 , and considering 
u — (u, 0), v — (0, v) G T X M. 3 © TyM 3 , a computation shows 

, , „ . , sin /3a; sin /L sin 6 cosh r 

(14) **a(u, v) = ^ 

smh r 

where (3 X G [0,7r) (resp. Z^) is the angle at x (resp. y) between £ = ty(x,y) and u 
(resp. £ and t>), and r denotes the distance between x,y. As for 6* G [0, 27r), it is 
the oriented angle (with respect to the orientation of £) between the two oriented 
geodesic planes p x , p y G 7r _1 £ given respectively by u A w x and v A w y , where 
w x G T x £, w y G T y £ point in the positive direction of I. 

ii) Similarly, given unit vectors u, v G T Z H 3 , and denoting u = (u, 0),v — 
(v, 0) G T X H 3 © T y H 3 , one has 

(15) *Mu,v) = -^H A 

sinh r 

where t G T^^x, y) is the positive unit tangent vector. 

2.2. The space of chords. Given a C 2 -differentiable manifold S' (without bound- 
ary), the space of chords of S' is a C^-differentiable manifold Ms' with boundary, 
introduced by Whitney in [Whj . and described with detail in [PoJ. The interior of 
M s > is 5" ix 5", and the boundary is T 1 ^', the bundle of oriented tangent directions 
of 5". Next we describe the differentiable structure of M$> = (S'kS') UT 1 ^' in case 
S' has dimension two. On the one hand, the interior S' x S' C Ms> is diffeomor- 
phically identified to the open set S"xS" C S' x S'. On the other hand, given local 
coordinates (xi,X2) on U C S', a neighborhood of T X U in M5/ is diffeomorphic to 
the hypersurface with boundary L C U x [/ x S 1 given by 

L = { ((xi,x 2 ), (2/1,2/2), (cos 9, sin 0)) G C/ x U x S 1 ] 

sin^j/i - Xi) = cos9(y 2 - x 2 ), cos6(yi - Xi) > 0}. 

The diffeomorphism is as follows: L 3 (x, y, v) 1— > (x, y) G Mgi for x ^ y, and L 9 
(x, x, cos 0, sin 6) t— > u • IR + G T 1 ^' = 8M,s> where v = cos8d/dxi + sin 98/ dx 2 G 
T^S". With this differentiable structure, the mappings pi,p2 : Ms 7 — > S f given by 
Pi(xx,x 2 ) = Xi for (xi,x 2 ) G S' x 5", and Pi(x,v) = x for t> G T^S", are smooth 
submersions. We will consider M5/ oriented so that the inclusion 5" x 5" C Mg> 
preserves the product orientation. 

Remark 4. Given a regular C 2 -differentiable curve x : [0, a) — > S", we can define 
c : [0,a) -> M S / by c(t) = (x(0),x(t)) if t G (0,a), and c(0) = x(0) • R+ G T 1 ^. 
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Using suitable coordinates in the above description, it is clear that c is smooth 
(also at t — 0) and meets dM$' transversely. 

Let now S C S' be a compact surface with boundary, embedded in S'. We 
consider M s : = Pi 1 (S) np 2 1 (S) C M s >, the subset of chords of S' having both 
ends in S. It should be noticed that M s is not a manifold with (smooth) boundary. 
Indeed, denoting C = dS C S', we can describe M s as the intersection of two 
regions p^ 1 (S) , p 2 l (S) bounded respectively by the smooth hypersurfaces Q[ = 
p^ 1 (C7),<5 / 2 = P 2 l {C)- It will be convenient to denote Q' = T 1 ^' C M s >, and 



Q = T 1 ^ = Q' n M s . Set Qi = CkS c Qi n M s , Q 2 = s*c c g' 2 n Af s , 



the topological closures in M s >. In other wrods, Q% \(CxS) consists of the inner 
tangent vectors of S along C = OS, and Q 2 \ (S tx C) caontains exterior vectors. 
We shall denote dM s ■= Qo U Qi U Q 2 - In fact, Qo U Qi U is the boundary of 
Ms as a topological manifold with boundary. 

Remark 5. By Remark HI it is easy to see that Q' Q is transverse to both Q[ and 
Q' 2 . It is even easier to check that Q[ and Q' 2 intersect transversely at points of 
C x C. However, at Q' Q fl Q[ fl Q' 2 = T X C the hypersurfaces Q[ and Q 2 intersect 
tangently. Indeed, Q[ fl Q' 2 = (C x C) U T^lc, so they can not be transverse. 
Again by Remark HI the surfaces (CxC) UT 1 C(= Mc) and T 1 5'|c are transverse 
inside Q[, and also in Q' 2 . 

Let now S C H 3 be a compact surface with boundary embedded in hyperbolic 
space. Then we can consider S included in an embedded surface S' without 
boundary. Consider $ : S' x S' — > £ + such that <&(x, y) is the oriented geodesic 
going first through x and then through y (in the notation of Remark [3l $ = 
^Is'kS")- One can extend $ to a smooth mapping <3>: M$> — > C + . This was shown 
by Pohl for submanifolds in euclidean space (cf. |Po] ). Using the Klein model of 
hyperbolic space it is clear that the same holds for surfaces in H 3 . 

The following is the hyperbolic version of equation (6.5) in |Poj (with n = 3, 
m = 2). We include the proof for the sake of completeness. 

Proposition 6. Let S be a compact surface with boundary C = dS embedded in 
H 3 . Then 




Proof. By the coarea formula 




where 
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and e(z) = 1 (resp. —1) if $ locally preserves (resp. reverses) orientations at 
z G M s . Since a generic line £ is transverse to S, we can consider z = (x, y) G SxS. 
Then = e(x)e(y), being e(iu) the sign at w of the algebraic intersection £ ■ S. 
Now, let p (resp. g) be the number of points of £ (1 S with e = 1 (resp. e = — 1), 
so that 

#(£nS)=p + q, \{£,C) =£■ S = p-q. 

Then $ _1 (£) contains (p(p — 1) + q(q — 1)) /2 elements with e — 1, and pq elements 
withe = -l. Therefore 2fi{£) = p(p-l) + q(q-l)-2pq = \ 2 (£,C) -#{£nS). □ 

3. Compact surfaces with boundary 

From here on we assume S C £1 C H 3 is a compact simply connected surface 
with boundary, contained in a strictly convex set Q, with C = dS C dQ. In 
this case we say that S has convex boundary. We consider S C S' with S' C H 3 a 
simply connected surface without boundary. In this section we get a Gauss-Bonnet 
formula for S. By a limit procedure, this formula will lead to Theorem [TJ 

3.1. Constructing the section. Consider the pull-back by $ of the S 1 -bundle 
tt: £ 1>2 -> £+; i.e. $*(£i j2 ) = {fa, (4 P)) e x A,2 I $fa) = £}, and the 
following diagram (with the obvious mappings) commutes 

**(A, 2 ) A,2 

(16) 

M s , — ^ £+ 

Next we aim to construct a global section s of $*(7r). Moreover, we try to adapt 
s to S by imposing some boundary conditions. After doing this, we shall apply 
Stokes theorem to s*&*Lp A $*a on Ms- 

Let O : Qo — > £2 be such that Oofa) is tangent to S at pifa). For a = 1, 2, let 

6 a : Q^C^C* 

be such that a fa) contains $fa), and is tangent to C at p fa)- This mapping is 
well defined since nSc $(7jC) n = {y} for all (3/, v) G T 1 ^. Clearly, 6 
and a coincide on Q n(Q a \T 1 C) = T 1 5 , | < 7\T 1 C for a = 1,2. However, 61 and 
2 do not coincide on C x C = Qi H C} 2 \ T^C. 
We define 

(17) s:<9M s \(CVC) — > $*(A, 2 ) 

x 1 — > (x, (<&fa),6fa))). 
where 0(x) = Q a (x) whenever x G Q a for some a G {0, 1, 2}. 

We are assuming 5* and 5" are simply connected. This makes the topology of 
$*(7r) quite simple, as shown by the following proposition. 



3>*(tt) 
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Proposition 7. $*(7r) is a trivial principal S 1 -bundle over Ms'. Moreover, there 
is a bundle isomorphism r: $*(£ 1]2 ) — ► Ms' x S 1 , such that r o s lifts over the 
covering q: Ms xR-> Ms x S 1 ; i.e., exists a continuous function 

g : dM s \ (C x C) -> R 

swc/i £/iat = r o s(x) for every x G dMs \ (C x C). 

Proof. Consider an isotopy of embeddings H : S' x [0, 1] — > H 3 such that Hq = id, 
and Hi(S') is contained in a plane p G £ 2 . We can assume moreover that H t (S) 
has convex boundary. For each t G [0, 1] we have $ t : M^v — > £ + , and the 
corresponding family of S 1 -bundles $*(7r): $^(£1,2) - ► Ms/, as well as sections s t 
defined on dMs \ (C x C) as above. 

By the homotopy covering theorem (cf. [Spij, Thm.13.4), the maps $t induce 
bundle isomorphisms a t : $£(£1,2) — > $*(£i,2)- Note that a; 1— > jp) is a global 

section of $*(7r). Then, a bundle isomorphism n : $*(£i,2) — > M5/ x S 1 exists 
such that T\as\ = 1 G S 1 . In particular, 0*(7r) is trivial Vt. As for the second part, 
take r = n o cr , and note that T\ o o~ t o s t : <9Ms \ (CxC) — > M5/ x S 1 is a homotopy 
from f o s to 7"i o si, and the latter is constant in the second component. □ 

Proposition 8. On each of the hypersurfaces with boundary Qq, Q\\Q 2 , Q2\Qi, 
the restriction of g is smooth. Given x G Q\\Q 2 (resp. x G Q 2 \ Qi), let a(x) G 
(0,7r/2] be the angle between and T Pi mC (resp. T P2 ^C). Then sin (a) dg G 
T*(Qi \ Q 2 ) (resp. T*(Q 2 \ Qi)) is bounded with respect to any continuous norm 
on T*Q 1 (resp. T*Q 2 ). 

Proof. From the relation q(x, g(x)) = tos(x), to show that g is smooth it is enough 
to check the smoothness of s. Indeed, q and r are local diffeomorphisms. Now 
s is clearly differentiable on Qq, also at the boundary, since s can be naturally 
extended over T 1 ^'. To show s is smooth on Qi \ Q 2 it remains to check the 
smoothness of 61 : Qi \ Q 2 — > C 2 . Using the Klein model of hyperbolic space we 
can write 

Q 1 (x)=p 1 (x) + (Z(x)AV(x)), 

where Z, V : Qi \ Q 2 -> MP 2 , and A : RP 2 kIRP 2 -> MP 2 are smooth mappings 
given by 

Z(x) = — Pi(x), V(x) = T pl (x)C, a, b-La A b. 

Thus, Gi and therefore g is differentiable on Qi \ Q 2 . By symmetry, g is differen- 
tiable on Q 2 \ Qi. 

In order to prove that sin adg is bounded, it is enough to show that sinarfGi G 
T*(Qi \ Q 2 )®TC is bounded, with respect to any continuous norm on T*Q\ ®TC. 
If z,v G § 2 are local lifts of Z, V G MP 2 , then Z A V = ±(z A u)/||z A u||, and 

||z A f || / \\z A f ||y 



c?Gi = dpi ± 



II 2 A v\\ 
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Now dpi, dz, dv are bounded since p\, Z, V are differentiable all over Q\ which is 
compact. Finally, ||z Av || > A\ sma\ for some constant A, since the euclidean and 
the hyperbolic metrics are equivalent on compact sets of the Klein model. □ 

Next we define a function on dM$ that coincides with g outside a neighborhood 
of CxC. In order to define this neighborhood, let us consider ip : S 1 x [0, 1) — > S, 
a smooth embedding with -^(S 1 x {0}) = C. For every e G [0, 1) let F lt£ : S 1 x 
[0, 1] x [0, 1) — ► Q 1 be given by 

(ip(r, 0), V(r + s, £ts(l - s))), if s G (0, 1) 



(18) F 1>e (r,s,t) = < dj>(u,o) 



dip(r,v) 



tin „ ^\ 2s) ^ 

u=0 v=0 



if s = 0,1. 



where we identify S 1 = M/Z. This mapping is smooth in the following sense: 
taking local coordinates in Ms, the resulting local expression of F\ jE extends to a 
smooth mapping in a neighborhood in S 1 x M 2 of every point in S 1 x [0, 1] x [0, 1). 
Symmetrically we consider F 2<e : S 1 x [0, 1] x (—1, 0] — > Q 2 given by 



F 2 ,e(r,S,t) = < dj,(u,0) 



(ip(r, —ets(l — s)), ip(r + s, 0] 



du 



u=0 



if s G (0, 1) 
if s = 0,1. 



v=0 



These two maps can be joined to give a homeomorphism 

F £ : S 1 x [0, 1] x (-1, 1) — > C/ e := zmF lj£ U imF 2 , e (c 9M S ). 

Definition 3.1. For every e > 0, let / £ : SM^ — > R be defined by the following 
conditions 

i) f £ (x) = g{x) for xedM s \ U £ 

ii) f e o F e (r, s, t) = |((1 + p(t))g(F £ (r, s, 1)) + (1 - p(t))g(F £ (r, s, -1))) being 
p : R — > [—1, 1] a smooth function with p(t) = —1 for t < —1, and p(t) = 1 
for t > 1. 

Then s £ : dM s — >■ 0*(£i 5 2) is defined as s e (x) = r _1 o q(x, f s (x)). 

Proposition 9. The restriction of f £ is smooth on each of the hypersurfaces 
Qo,Qi,Q2- Moreover edf £ is uniformly bounded over U £ ; i.e. after fixing some 
continuous norm \\ ■ \\ on T*Qi U T*Q 2 , exists A > such that 

\\e{df £ ) x \\ < A, We > 0,Wx G U £ . 

Proof. The smoothness of f £ follows from Proposition [8] and the smoothness of 
F a>e . Let z,v be as in the proof of Propostion [HI Consider the signed angle ft in 
the Klein model between z and v. We give ft locally a sign according to some local 
orientation of S; i.e. sin ft = N ■ (z A v ) where N is a unit normal vector. Then 
ft(r,s,e) := ftoF £ (r,s, 1) = ftoFx(r,s,s) is a smooth function on S 1 x [0, 1] x [0, 1). 
Since C is in the boundary of a strictly convex set, ft vanishes only at points of 
the form (r , 0, 0) or (r , 1, 0). Taylor expansion near (r , 0, 0) yields 

ft(r, s, e) = a(r )e + b(r )s + 0((r - r ) 2 + s 2 + e 2 ) 
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for some functions a, b > 0. After a similar analysis near (j-q, 1, 0), it follows that 
/3(r, s, e) > Ce for some constant C > 0. Similarly, (3o F £ (r, s, — 1) > C'e for some 
C > 0. Finally, Proposition [8] gives the result, since /3/a is bounded on compact 
sets of the Klein model. □ 

Proposition 10. There exists a smooth function on M$' extending f £ . 

Proof. By remark we can define £ G T*Ms> at every z e <9Ms/ so that £ coincides 
with df e on each of the faces Q a concurring at z. Then Whitney's extension 
theorem (cf. [Wh2j ) applies, providing an extension of f £ to a neighborhood of 
every point of dMs- Using partitions of unity, the extension exists globally on 
M s >. □ 

Remark 6. Abusing the notation, we denote the extension by f £ . We also denote 
by s £ : Ms> — > 4>*(£i,2) the corresponding section of $*(7r). 

3.2. Stokes Theorem. 

Proposition 11. If S C H 3 is a compact simply connected surface with convex 
boundary, then 



(19) / (#(£nS) - X 2 (£,C))d£= / $*aAs*^, 

Jc+ JdM s 

where Tp = $ ip is the global angular form of $*7r ; and dMs has the orientation 
induced by M s . 

Proof. Since the diagram ffTB]) commutes we have $* = s* o $* o tt*. Then Propo- 
sition [5] yields 

$*(d£) = ^d($* a As* £ Tp). 

Next we apply Stokes theorem for domains with piecewise smooth boundary 
(cf. for instance [AMR] ) to M s C M s >, to get 



J M o Z JdMq 



'M s z JdM s 

The proof is finished by Proposition □ 

Theorem 12. Lei S* C H 3 be a compact simply connected surface with convex 
boundary. Then 

KdS = — I (#(£ n S) - \ 2 (£, C))dt + - I $*a A s*Tp + — [ $*a 
2tt Jc tt J SkC 2tt J 

where 6: C txC — > R zs gwen fry 

(20) #(a;, J/) = lim z) — lim g(z, y) x,y & C, z <E S \ C, 

z^y z— *x 

being g as in Proposition [7| 



CxC 
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Proof. Starting from ( |T9i) . we split dM s = QoUU e U(QxUQ2)\U £ , and we begin by 
integrating over Q = T 1 ^: given (x,v) G T 1 ^ we have $ o s(x,v) = v), p) 
where p is tangent to S at x. Let (a:; ei, e2, &z) be a positive orthonormal frame 
with ei = f , e^lT x p = T X S. Then by (1T31) 



$*a A s V = / ^12 A cj 13 A cj 2 3 = 2n KdS. 
Q Jt^s Js 

where we use the natural orientation on T 1 ^ which is opposite to the one induced 
by M s . 

Next we integrate on U £ , and we pull-back by F £ 



Ue JS 1 -JO J -I 



dr' <9s ' dt 



The previous integrand is uniformly bounded in the following sense: 3A > 
such that 

(21) IW.'aAiM*) (£,£,!) I 

everywhere on S 1 x [0, 1] x [—1, 1] and Vfe > 0. Indeed, since $ and F £ are smooth 
for e > 0, and F £ (r, s, t) = Fi(r, s, et), the functions 



<9r ' <9s / ' " \dr' dt J ' \ds : dt 

are uniformly bounded. Since g is bounded, it follows directly from Defini- 
tion 13.11 that F* s* £ Tp[d / di) is uniformly bounded. From Proposition [9j ec?/ £ o 
dF £ (d / dr) , edf e o dF e (d/ds) are uniformly bounded. Therefore, 

are uniformly bounded. Altogether shows (p2~ll) . and we may apply Lebesgue's 
dominated convergence theorem to the limit e — > 0. Thus 

lim / $*aAs*^= / 1 / / F *$*a(«9r, 9s) lim^(ds £ o dF £ (dt))dtdsdr 
e ^°Ju, is 1 Jo J-i 



Now 



limp(cfe E odF 6 (0t)) = -p'(t)e(ilj{r,0),i){r + s,0)). 



Integrating with respect to t yields 

lim / $*aAs*^ = / ($*a)0. 
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Finally, we just need to note that by symmetry, 

lim / $*a A s* e Tp = / $*a A s*Tp = 2 I $*ct A s*Tp 



J (QiUQ 2 )\U e J (SkC)U(CkS) JSkC 

□ 

4. Complete surfaces 

In this section we prove Theorem [TJ From here on, 5CI 3 will denote a com- 
plete simply connected surface with a cone-like end C C dooM? . In the following 
H 3 will denote the Poincare half-space model. Unless otherwise stated, all the 
metric notions (such as length or curvature) will be referred to the hyperbolic 
metric ( , ). For h > 0, let Sh = {x G S\x 3 > h} which is a compact surface with 
convex boundary Ch = dSh = {x G S\x 3 = h}. We will use the following standard 
notation: given two functions /, g (or sequences), / = 0(g) means that |/| < A\g\ 
for some constant A > 0. When f n ,g n are sequences of functions, f n = 0(g n ) 
must be understood uniformly: 3A such that \ f n \ < A \g n \, Vn. 

Lemma 1. For x = (x\,X2,x 3 ) G S, let II (x) be the second fundamental form of S 
at x. If ||JJ(z)||oo is the maximum of \II(x)(u,v)\ over all unit vectors u, v G T^S, 
then 

\\II(x)\\ 0O = 0(x 3 ), VxeS. 

Proof. Fix y G S, and let ei,e2,e^ be an orthonormal frame on y with e 3 = 
y 3 d/dx 3 , and e 2 G T y S. We can assume = y 3 d/dxi, i — 1,2 and consider the 
global orthonormal frame Ci(x) = x 3 d/dxi, for all x G H 3 . The connection forms 
9ij = (Vej, Sj) are then given by 

0e = — , 0y = O forz,j^3 

x 3 

Let fi,f2,f3 be a frame locally defined on S (around y) so that v%(y) = and 
i>i(a?), Vi(x) G T^S*. Then Uj(sc) = atj(x)ej(x) for an orthogonal matrix (aij(xj) G 
0(3). In particular v\(y) = cosaei + sin ae^, v 3 (y) = — sinctei + cosae3 for some 
a G [0,27r). Then ui i3 (y) = (dvi,v 3 ) y are given by 

f % , , dxi 
Uizvy) = — sin adan + cosaetai 3 H , 

2/3 

^23(2/) = — sin ada 2 i + cos ada2 3 + cos a — -. 

2/3 

Therefore cuj 3 (t> 3 -) = 0(y 3 ) for i, j = 1, 2, since cos a = (e3, v 3 ) = 0(y 3 ). The latter 
can be seen using a second order approximation of S at points of C C d^M 3 , and 
bearing in mind that C is a curvature line of S = S U C. □ 
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Proposition 13. If K denotes the extrinsic curvature of S, and dS is the area 
element, then 



L 



KdS 

's 

is absolutely convergent. In particular 

lim / KdS= I KdS. 
h ->°Js h Js 

Proof. From LemmaQ], we have K(x) = 0((x 3 ) 2 ). Then, note that dS = dS e / (X3) 2 
where dS e is the euclidean area element of S. □ 

Proposition 14. If X(£,Ch) is the linking number of a geodesic £ with the curve 
Ch then 



(22) lim / (#(£nS h )-\ 2 (£,C h ))d£ = / (#(£ n S) - \ 2 (£,C))d£ 
h ~*° Jc+ Jc+ 

where X(£, C) is the limit of X(£, Ch) when h — ► 0. 

Proof. Let £ G C + be transverse to S, which happens for almost every £. Then 
£ fl S is discrete, and j^{£ fl Sh) — A 2 (£, Ch) is a monotone function in h. Hence, 
f l22l) follows by monotone convergence. □ 



We will see a posteriori, that the limit in f l22l) is finite. This will follow from (J3j) 
and the finiteness of the other terms. 

Proposition 15. For every h > consider the section Sh defined over dM Sh \ 
Ch^Ch in (ED- Then 

(23) lim / $*aAs^=fl 

Proof. Let (y; ei, e 2 , e 3 ) be a local frame associated to (x,y) G S^kC^ with ei G 
T y $(x, y), e3_L62(x, ?/). Recall x, y G 62(0;,?/), and C^, 2 (x, y) are tangent at 
Then we can write 

<3>*a A = ±u 12 A cj 13 A ^23- 

Let v be an euclidean unit tangent vector to Ch at y, and Mi, u 2 G T^S" orthonormal 
(with respect to the euclidean metric) with u\ tangent to the plane Q 2 (x, y). It is 
not difficult to see 0J\z{ui) = u 13 (v) = u> 23 (ui) = 0. Then 

$*a A s* h Tp (ui,u 2 , v) = ±u 12 (ui) u 13 (u 2 ) uj 23 (s) = $*ct (m, u 2 ) s* h Tp (v) . 

By f fT5|) . the latter converges to when h — > and (x, y) converge to a point in 
SVC. Moreover, Lemmas H] and [5] of the next section give A > such that 

(24) |<&*aA4^|<A. \dxAdy\ V/i > 
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where dx (resp. dy) denotes the euclidean area (resp. length) element of S (resp. 
Ch) at x (resp. y). Now we consider a sequence of diffeomorphisms iph '■ S — > Sh 
with the euclidean norm of diph uniformly bounded. Set — i ) h x i ) h\c '■ S xC — > 
S h x C h . Then 



(25) \n(<l>*aAspp)\<A 



dx A dy 



\y — x\\ 2 + X3 — h 



< A' 



dx A dy 



\y — x\\ 2 + X3 



for some uniform constants A, A' > 0. The right hand side of (125]) has finite inte- 
gral over SxC. Thus, we can apply Lebesgue's dominated convergence theorem, 
and the result follows. □ 

Proposition 16. Let $h be the function defined on ChxCh by (I20I) . and denote 
9 = lim/j^o 9h ■ Then 

(26) lim f 6 h $*a = 2 f 6 sin 6 u dxdy 

h ^°Jc h Kc h Jckc \\y-A\ 

where dx, dy are the length elements of C at x,y respectively, with respect to the 
euclidean metric || • || on d^M 3 = M 2 . Moreover, the right hand side of (1261) is 
finite. 



Proof. By Lemma [3] of the next section, 

, ,* , „ . \dx A dy\ 
\$ a\ < A ] - ^ 

\\y- x \\ 

for some A > 0. On the other hand, it is not hard to see 



(27) g = o (TM-Mj = (\\y - z\\) 

where r is the maximal (hyperbolic) torsion of Ch- Hence, Lebesgue's dominated 
convergence theorem applies. A computation in the model shows 

(28) x 3 y 3 aJiihr=\\y 0O — x oa \\R 

where Xoo = (xi,x 2 ,0) G d^M 3 , and y^ = (yi,y 2 ,0) G c^EI 3 , and R is the 

euclidean radius of the half-circle representing the geodesic y). Equations 
dUJ, and (J2ED yield 

. d d sin j3 x sin (5 V sin 6 cosh r sin 6 2 sin 9 

lim $ m— , — ) = hm — - — ~ = lim 



h-*h y dx' dy' h~*b h 2 sinh 2 r h->o Wy^ — Xoo\\R \\y — x\\ 2 

Finally, the finiteness of the right hand side of (I26p follows at once from (12 7p . □ 

Proof of TheoremUi For every h, we apply Theorem [TJ] to Sh.. Then make h — ► 0, 
and use Propositions [JSl dH [T5] and [TBJ □ 
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5. Asymptotic estimations 

Here we prove some estimations that have been used before. 

Lemma 2. Let x,y G H 3 be two points in the half-space model, at hyperbolic 
distance r from each other. Then 

(29) i) x 3 y 3 smhr > h\y - x\\ 2 , 

(30) ii) max{x 3 , y 3 } sinhr > \\y — x\\. 

Proof. We prove i) in case the geodesic through x, y is a circle of radius R < oo 
(the case R = oo is straightforward). We will use ff28l) . Given \\yoo — Xoo||, and R 
it is clear that \\yoo — £oo||/||y ~ x \\ is maximum when x or y are in c^cH 3 . In this 
case, classical plane geometry yields ||?/oo — ^ooll/Hz/ — x\\ = \\y — x\\/(2R). 

To show ii) we use that the length h of an arc of horocycle from x to y is 
2 sinh(r/2). Moreover, this is bigger than the hyperbolic length s of the euclidean 
segment joining x, y. Thus 

II y jr- || 

sinhr = 2 sinh(r/2) cosh(r/2) > 2sinh(r/2) = h> s > r-. 

max{x 3 ,?/3} 

□ 

Lemma 3. Given a surface Scl 3 with cone-like ends, there exists some constant 
A > such that 

\(<$>*a)(u,v)\ < „ \/z = (x,y) E SkS, 

\\y- x \\ 

\/u = (u, 0) e T^S © C T Z (S x S), 
\/v = (0, v) e © TyS C T Z {S x S) 

where T 1 ^ denotes the euclidean unit tangent bundle of S in the model. 

Proof. Assume two sequences (x(n),u(n)), (y(n),v(n)) G TS with ||m(^)|| = ||f(n)|| = 
1 such that \(§*a(u(n),v(n)))\\\y(n) — x(n)\\ is unbounded. We look for a contra- 
diction. For notation simplicity we will omit the index n of these two sequences. 
In case the distance r between x, y is bounded below, by fTl4l) and (T291 we get 

i / ^ * \ / m ^ ( sin 9 \ „ ( sin 9 \ 

(<S>*a)(u,v) = 0( — <0(2j . 

\x 3 y 3 smhry \ \\y — x]^ J 

We show next that sin^ = 0(\\y — x\\). Firstly, we define a sequence of isometries 
/' — f'n °f given by f'(z) = p~~ x z where p := \y — x\. Then ||/'(^) — f'iy) \\ = 1 
which, together with inf r > 0, implies y 3 /p,x 3 /p G R are bounded above. Then, 
taking isometries / = /' or with suitable horizontal translations r, will make f(y) 
and f(x) converge (after taking subsequences if necessary) in H 3 = H 3 U doolHI 3 . 
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If P is the vertical plane that contains lim /(a;),lim f(y) one can see that PC\K 
is approached by f(S) DK for every compact neigborhood K of lim x or limy. This 
convergence is in the C l l topology and has order p. In particular, 3(x', u'),(y', v') G 
T X P at distance of order p from (f(x), f*u), (f(y), f*v) G T 1 /(S') respectively. 

Now consider 9 as a function defined on H 3 kH 3 x § 2 x § 2 . It is easy to see that 
9 is smooth, and therefore it is Lipschitz over the set {(x, y) G H 3 x H 3 | \\y — x\\ = 
1}xS 2 x S 2 . Then 

9(x, y, it, v) = 9(f(x), f(y), /,(«), /,(«)) = O(p) 

since 9(x',y',u',v') = 0, as 9 vansihes on points and vectors of a common plane. 
We have thus seen 9 — 0(\\y — x\\). 

In case inf r = 0, we take a subsequence with r — > 0. Then, by (jHJ) and (!30|) . 

/ sin & sin (3 y sin0 x 3 y 3 
($ a)(u,v) = O . - |j — - — -max{-,-} 
\ smhr||y — x\\ y 3 x% 

and the last factor is bounded since r is bounded. We shall see sin (3 X sin j3 y sin 9 = 
O(sinhr). To this end, we rescale by x 3 1 and we compose with horizontal trans- 
lations so that x,y converge to some point q G H 3 . Then sinhr = 0(\\y — x\\). 
On the other side, if v' is the parallel transport of v G T y H 3 to T X M 3 along the 
geodesic, then 

sin f3 x sin f3 v sin 9 = — — - det(u, v', y — x) 

\\y — x\\ \\v'\\ 



1 



-(det(w, v' — (v' ■ n)n, y — x) + {y ' ■ n) det(w, n,y — x) 



\y - x\ 



\\y - x \\ 

where n is the euclidean unit normal to S at x, and ■ denotes the euclidean scalar 
product. The first term has the order of \\y — x\\, since the euclidean normal 
curvatures of the rescaled surface S are uniformly bounded. As for the last term 
note that \\v'— v\\ = 0(\\y — x\\), and thus v'-n = (V — v)-n + v-n = 0(\\y — x\\). □ 

Lemma 4. Given a surface Sci 3 with cone-like ends, there exists some constant 
A > such that 

\($*a)(u,v)\ < „ A „ \/z = (x,y) G SkS, 

\\y - x \\ 

W = ( u ,0),v= (v, 0) G T*S © TyS cT z (SxS). 

Proof. If P denotes the angle at x of the geodesic &(x,y) with T X S, then by (jT5|) 
and inequality fl5D|) 

. , ^ . . .. sin/3 sin/3 ^ ... .._ lN 

\($*a)(u,v)\ < , ^ 2 < j ^— = 0( y-x 1 . 

r smh r \\y — x\r 
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The last equality follows from sin/3 = 0(\\y — x\\) which can be proven with 
arguments similar to those of the previous lemma. □ 

Lemma 5. Given a surface Sctf with cone-like ends, there exists some constant 
A > such that V7i G (0, 1/2) and G G C h 

A 

\s*Jp(v)\ < n , 

1 h v 71 ~ 1 1 2/ - x\ + cosy? 

where v G T^C^ and cos/3 = (y 3 — x 3 )/\\y — x\\; i.e. f3 = Z(y — x, d/dx 3 )) . 

Proof. Let us consider the curve C = S fl (y + (d/dx^); so that v G T^C. A 
couple of geometric arguments give 

K sin£ 



1/3 sin 7 

where £ is the angle between pi, the hyperbolic osculating geodesic plane of C, 
and p 2 , the geodesic plane tangent to C that contains x. As for 7, it denotes 
the angle between the (hyperbolic) geodesic segment xy and C. Finally K is the 
geodesic curvature of C in H 3 . This is uniformly bounded so we can forget about. 

Next we show y 3 l sin £ is uniformly bounded. Consider £1 the angle of the 
osculating plane pi with the vertical direction at y, and (2 the angle of the plane p2 
with the vertical direction at y. Then sin£ < sin (1 + sin £2- A simple computation 
shows (1 = 0(y 3 ). Also ( 2 = 0(1/3), since the plane p2 has a uniformly bounded 
radius. Indeed, a small sphere centered at dooM 3 intersects S in a curve with only 
one critical point of the function x 3 . Altogether yields sin( = 0(1/3). 

Therefore we have |s£</?(i>)| = 0(1/ sin 7), and we must control the latter. After 
some elementary euclidean computations one finds 

. , d + 2y 3 cos(3 

sin 7 > sin 7 



a/% 2 + d 2 + Ay 3 d cos (3 

where 7' is the angle between the geodesic segment and the horizontal plane, and 
d — \\y — x\\. Now 

1 < d 2 + 4y| cos 2 g + % 3 rf cosg 4y| cos 2 /? < 1 , 4y| 



sin 2 7 ~ d 2 + 4y| + % 3 d cos /3 " (d + 2y 3 cos/3) 2 ~~ (d + 2y 3 cos /3) 5 

< 1 1 1 . (rf + COS/ g)2 + l 4 2 



(d + cos/3) 2 (d + cos/3) 2 - (d + cos/3) 2 
for some A, where we have used y 3 < 1/2, and the compacity of S. □ 
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